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Abstrat
We investigate the issues of unitarity and reality of the spetrum for the imaginary
oupled ane Toda eld theories based on a
(1)
1 and a
(2)
2 and the perturbed minimal
models that arise from their various RSOS restritions. We show that while all
theories based on a
(1)
1 have real spetra in nite volume, the spetra of a
(2)
2 models is
in general omplex, with some exeptions. We also orret the S matries onjetured
earlier for the φ15 perturbations of minimal models and give evidene for a onjeture
that the RSOS spetra an be obtained as suitable projetions of the folded ATFTs
in 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1 Introdution
Unitarity plays an important role in quantum eld theory (QFT). In many appliation of
QFT, the framework of quantum theory requires a positive denite onserved probability,
whih is guaranteed by the Hermitiity of the Hamiltonian and the unitarity of the S
matrix. Hermitiity also guarantees that the spetrum of the Hamiltonian is real, an
important ondition if the Hamiltonian is to be interpreted as the energy of the physial
system.
However, there are appliations of the QFT formalism when this is not a neessary physial
requirement: non-unitary QFTs (even those with omplex spetra) appear to play an in-
reasing role in the investigation of statistial mehanial systems (e.g. disordered systems
[1℄).
In this paper we intend to study the simplest ases: the nite-size spetra of models
related to imaginary oupled Toda theories a
(1)
1 (sine-Gordon) and a
(2)
2 (ZMS), with periodi
boundary onditions. Our main aim is to establish onditions under whih these theories
have real spetra, ontinuing our earlier work started in [2℄. Reality of the spetrum
ould be interesting for several reasons: (i) it aets the large distane asymptotis of
orrelation funtions (in ase of a omplex spetrum, these asymptotis an show osillating
behaviour), (ii) it ould allow a redenition of the theory that renders it unitary (although,
as we disuss, physial requirements may prevent that, and it is not at all lear whether this
an be performed while maintaining the interpretation of the given model as a loal QFT).
Finite size spetra are also interesting in their own right: periodi boundary onditions
an also be thought of as realization of nite temperature.
We start by realling the general issues involved, and the relationships between the three
distint onepts of probability onservation, unitarity and the reality of the spetrum.
For any imaginary oupled ane Toda eld theory (ATFT), there are three dierent lasses
of models whih an be onsidered, namely the original (unfolded, unrestrited) , the folded
and the restrited (RSOS) models. We dene these in setion 3 and disuss the reality of
the spetrum in these three lasses for the theories related to a
(1)
1 (sine-Gordon) and a
(2)
2
(ZMS) in turn.
In the ase of a
(1)
1 , the nite-size spetrum of the RSOS models turns out to be a subset
of the spetrum of a suitable folded model  i.e. the state spae of the RSOS model an
be thought of as a projetion of the spae of the folded model. Using this relation, we an
onlude that the spetra of all a
(1)
1 related models are real. In this paper we also give
evidene that a similar relationship exists between the RSOS and folded models based on
a
(2)
2 . However, this is not suient to establish the reality of these models. We then turn
to transfer matrix arguments and numerial analysis to investigate the spetrum.
In all ases in whih our studies nd no violation of reality, there are several possibilities
remaining:
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1. Apart from ases in whih the S-matrix an be shown to be Hermitian analyti (e.g.
perturbations of unitary minimal models), we only have numerial (and sometimes
matrix perturbation theory) results. Sine these numerial tests require `sanning'
over the full range of rapidity of eah partile in a multi-partile state, there is always
a hane that suh methods miss some region of rapidities in whih reality is violated.
In addition, numerial diagonalisation always introdues some numerial errors, and
so some threshold ondition must be dened to separate real ases from nonreal ases.
It remains a question whether reality violations below the threshold are genuine or
not.
2. We ould only examine transfer matries ontaining up to ve partiles, as the nu-
merial alulations beome progressively more and more diult as we inrease the
number of partiles involved. Therefore, it is possible that higher partile transfer
matries would introdue further onstraints on the reality of the spetrum.
3. In the ase of a
(2)
2 , our methods only allow us to determine the large volume asymp-
totis of the spetrum whih have a power-like deay as a funtion of the volume. It
is possible that further ontributions (deaying exponentially with the volume, e.g.
those related to vauum polarisation) would spoil reality.
4. For a
(2)
2 , the bootstrap is losed only in ertain regimes of the parameter spae and
we do not know the S-matries of all possible partiles in the spetrum. It is possible
that reality of the spetrum is only violated in setors whih ontain suh `extra'
partiles.
As a result, we an only have denite results in the ases when the spetrum is omplex:
if we nd that some multi-partile transfer matrix has non-phase eigenvalues then we an
onlude that the Hamiltonian must have omplex eigenvalues. Whenever our examination
nds that the spetrum is real we annot the possibility exlude that further study would
nd a omplex spetrum.
However, the theories for whih we annot nd any violation of reality show some very
striking patterns, and therefore we believe it is possible that several or possibly all theories
falling into these patterns have real spetra. Clearly, further understanding is neessary:
the most promising approah would be the development of some exat method to desribe
the nite size spetra (e.g. an extension of the a
(2)
2 NLIE [3℄ to desribe exited states) and
a deeper understanding of the relation between the folded and the RSOS models in nite
volume.
As a side result, we also orret some minor mistakes in our previous paper [2℄ and the φ15
S-matries onjetured earlier by one of us in [4℄. We summarise our results in setion 5.
3
2 Unitarity and related onepts in QFT
In this setion we disuss the relation between the onepts of probability onservation,
unitarity and reality of the spetrum in quantum eld theory whih are often onfused.
We also reall the denitions of Hermitian analytiity and Rmatrix unitarity and their
relationship with unitarity of the S-matrix.
2.1 Unitarity, reality and probabilisti interpretation
For all the theories we onsider there exists a non-degenerate sesquilinear form (whih we
all an inner produt for short, even if it is not positive denite) on their spae of states
whih is onserved under the time evolution desribed by the Hamiltonian i.e. the time
evolution operator and the S-matrix preserves this inner produt (and the Hamiltonian is
Hermitian with respet to the onjugation dened by it). For perturbed onformal eld
theories suh an inner produt is inherited from the standard inner produt used in CFT,
even away from the ritial point.
In the ases when this inner produt is positive denite (and denes a Hilbert spae stru-
ture on the spae of states) this implies the usual Hermitiity/unitarity, with the onse-
quene that the S-matrix has phase eigenvalues and the energy spetrum is real. This inner
produt makes possible the usual probabilisti interpretation in quantum theory. These
theories are alled unitary QFTs.
On the other hand, in many systems the inner produt is indenite. It is still possible for
the spetrum to be real and the S-matrix eigenvalues to be phases in whih ase we all
the theory a real QFTs. However, generally when the inner produt is indenite, then the
spetrum is omplex and the eigenvalues of the S-matrix are not phases, in whih ase we
all the QFT nonreal
1
.
One an see that the three notions of unitarity, reality and probability onservation are
in fat dierent. If we want the theory to have a positive denite onserved probability,
then unitarity is neessary, whih is a stronger notion than reality. However, often this
is not required; moreover, there exist exoti probability theories whih allow for negative
or omplex probabilities (whih in that ase of ourse loses the interpretation in terms of
frequeny of events).
An important point is whether the S-matrix has any relevane in the ase when the theory
is non-unitary. It is easier to aept this when the theory is still real, as in the ase of the
saling Lee-Yang model (i.e. Virasoro minimal model (2, 5) perturbed by its single non-
trivial relevant operator φ13)
2
or for indeed of any φ13 perturbations of Virasoro minimal
models. However, there are examples of nonreal theories (e.g. the Virasoro minimal model
1
There doesn't seem to be any agreed onvention for the naming of what we all real and nonreal
theories. We simply use these names in this paper for onveniene.
2
For an early disussion of this issue, f. [5℄.
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(3, 14) perturbed by operator φ15 [6℄) for whih the nite size spetrum extrated using
thermodynami Bethe Ansatz (TBA) for the vauum energy and the Bethe-Yang equa-
tions for multi-partile states mathes perfetly the spetrum of the Hamiltonian obtained
numerially using trunated onformal spae approah (TCSA), even for the omplex part
of the spetrum.
To summarise, we believe that for a large lass of theories (unitary, real and non-real), and
in partiular for the RSOS models onsidered in this paper, the spetrum is determined
by the S-matrix even when the spetrum is omplex.
2.2 Unitarity and Hermitian analytiity
In analyti S-matrix theory the property of unitarity is losely linked with that of Hermitian
analytiity [7, 8℄. Without entering into details, we intend to reall these onepts and their
relations here as they are going to play an important role later.
Unitarity is simply the statement that using a Hermitian onjugation † with respet to a
positive denite inner produt, the S operator that maps out-states into the in-states has
the property
SS† = S†S = I . (2.1)
Given a theory that is non-unitary but real, sine the S operator has phase eigenvalues
it is obviously possible to dene a new positive denite inner produt with respet to
whih S is unitary. However, this inner produt may be inonsistent with the rules of
analyti S matrix theory and/or may render the Hamiltonian non-Hermitian (while the
Hamiltonian was Hermitian with respet to the original, indenite inner produt). The
saling Lee-Yang model is an example of this situation. Its spetrum ontains a single salar
partile whih appears as a bound state in the two-partile sattering. S-matrix theory
then relates the norm of one-partile states to two-partile states through the residue
of the orresponding pole in the two-partile S-matrix. The natural inner produt in
the perturbed CFT formalism (dened through the Hermitiity of Virasoro generators)
is indenite, with n-partile states having the signature (−1)n (or −(−1)n, depending on
hoie, in whih ase the sign of the residue is onsistent with S-matrix theory. However, if
one attempts to use a positive denite inner produt, then the residue of the two-partile
S-matrix at the bound state pole has the wrong sign, whih is how it is often stated in
the literature. As a result, the natural inner produt of the saling Lee-Yang model is
indenite, and it is an example of a real but non-unitary theory. Therefore the existene
of a positive denite redenition of the inner produt does not mean the theory an be
made unitary beause it may onit with some other physially motivated requirements.
For a further disussion of this issue see [5℄. The property that the residues of the bound
state poles have the right sign is sometimes alled one-partile unitarity [9℄.
In integrable theories the whole S operator is enoded in the set of two-partile S-matries
SAB(θ), where A and B denote the partiles (or multiplets if there are internal quantum
numbers) and θ is their relative rapidity. It is a simple matter to prove that unitarity of
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all possible two-partile S-matries∑
k,l
SAB(θ)
kl
ij
(
SAB(θ)
kl
mn
)∗
= δimδjn , (2.2)
(where we expliitly wrote the multiplet indies) implies the unitarity of multi-partile
transfer matries (dened in Appendix C), and also means that the spetrum is real. In
writing equation (2.2) we assumed that we had hosen an orthonormal basis in the internal
multiplet spae.
If, in addition, the inner produt on the spae of states is positive denite then the theory
in question is a unitary QFT. We shall abbreviate the property (2.2) as TU (two-partile
unitarity).
Hermitian analytiity (HA) tells us something about the behaviour of the S-matrix ele-
ments under omplex onjugation. It states that(
SAB(θ)
kl
ij
)∗
= SBA(−θ∗)jilk . (2.3)
On the other hand, the S-matries we investigate here are derived from quantum group R-
matries. R-matries also satisfy a relation known as unitarity in quantum group theory
whih we all here R-matrix unitarity (RU) and takes the form
∑
k,l
SAB(θ)
kl
ijSBA(−θ)nmlk = δimδjn . (2.4)
We see that RU and HA together imply TU and thus reality of the spetrum (note that
equation (2.2) is meant only for physial i.e. real values of θ). Therefore for the models we
onsider Hermitian analytiity implies a real spetrum sine RU is automatially satised
due to the quantum group symmetry.
These notions an be appropriately generalised to RSOS theories, where the multi-partile
polarisation spaes are not simply tensor produts of one-partile ones. Rather, the multi-
plet struture is labelled by so-alled RSOS sequenes, whih denote `the vaua' between
whih the partiles mediate and are onstrained aording to so-alled `adjaeny rules'.
The two-partile S-matrix therefore arries four vauum indies a, b, c, d and it is speied
in the following way (we omit partile speies labels for simpliity):
a
b

d
φθ
←→ Scdab(θ − φ) . (2.5)
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For RSOS theories TU, HA and RU take the form:
TU :
∑
d
Scdab(θ)S
cd
ae(θ)
∗ = δbe (2.6)
HA : Scdae(θ)
∗ = Scead(−θ∗) (2.7)
RU :
∑
d
Scdab(θ)S
ce
ad(−θ) = δbe (2.8)
3 The models
The models we study an be lassied in the following way:
1. The original (unfolded, unrestrited) models. These have an innite set of degenerate
`vaua' and their spetra are built from a fundamental soliton doublet (a
(1)
1 ) or triplet
(a
(2)
2 ) by losing the S-matrix bootstrap.
2. Folded models. Using the periodiity of the eld theoreti potential, one an hoose
to identify the ground states after k periods (see [10℄ for the sine-Gordon ase), i.e. in
a k-folded model one has k ground states, between whih the solitons mediate. The
spetrum and the sattering theory for this ase an be straightforwardly written
down using the well-known S-matries of the original model.
3. Restrited (RSOS) models. At ertain `rational' values of the oupling it is possible
to dene a spae of `RSOS states' as a quotient of the full spae of states on whih
the ation of the S operator is well dened. These states an be labelled by sequenes
of `vaua' and the S-matrix fatories into 2-partile `RSOS type' S-matries. These
RSOS S-matries desribe the sattering theory of the φ13 or φ12/φ21/φ15 perturba-
tions of Virasoro minimal models, respetively for a
(1)
1 and a
(2)
2 . These restritions
were disussed in the following papers: the φ13 ase in [11℄, φ12/φ21 in [12℄ and φ15 in
[4℄. The above onstrution of the RSOS states relies on the ation of the quantum
group and has only been dened for the theory on the full line i.e. in innite spatial
volume. However, given the two-partile S-matrix derived in this way one an easily
dene the theory in nite volume.
All of the models enumerated above are integrable and therefore there are numerous results
for their nite volume spetra. We shall mainly use results obtained using two methods.
Firstly, the so-alled nonlinear integral equation (NLIE) approah, whih gives exat results
for the spetrum and was pioneered by Klümper et al. [13℄ on the one hand and Destri
and de Vega [14℄ on the other. The original developments onerned mainly the spetra of
the a
(1)
1 ase (for the exited states see also [15, 16, 17℄).
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Seondly, we use the related method of the Bethe-Yang equations (f. [18℄ and referenes
therein), whih desribe the large volume asymptotis of the nite size spetrum. If the
NLIE for a given theory is known, then the asymptotis an be derived independently and
for a
(1)
1 it was heked that they agree with the results from the Bethe-Yang equations
[16, 17℄. In general when the NLIE is not known this is the only known analyti way
to obtain information about the nite size spetrum (in some ases, TBA equations are
known for the exited states [19℄, but these ases are overed by the NLIE as well).
In nite volume, sine the eld theory potential is periodi, it is possible to introdue
twisted setors of the original model [20℄. These are labelled by a twist parameter α,
dened mod 2pi. The twisted setors have dierent nite size spetra whih are given by
a modiation of the original NLIE in whih α appears expliitly [20℄.
The nite size spetrum of the k-folded model is the union of the spetra of twisted setors
where the twist runs through the values [10℄
α =
2pim
k
, m = 0, ..., k − 1 (3.1)
When we turn to spei models we shall disuss a relation between the nite size spetra
of folded and RSOS models, namely that the nite-size spetrum of an RSOS model is
exatly a subset of the spetrum of an appropriate folded model. Suh a relation rst
emerged for the ase of a
(1)
1 [21℄, and we shall give evidene that a similar relationship
holds for a
(2)
2 .
To be preise, for a
(1)
1 it is known that both the exat spetra (desribed by the NLIE)
and, as a onsequene, their asymptotis (desribed by the Bethe-Yang eqns) of folded and
RSOS models are related. For a
(2)
2 it is known that the exat vauum energies in nite
volume are related (this was shown using the NLIE framework in [3℄), but at present the
NLIE for exited states is not known. We shall present evidene that the asymptotis of
the exited state energies given by the Bethe-Yang eqns are similarly related. We believe
similar relations will hold for the exat spetra of every ATFT and the orresponding RSOS
models.
There exists some evidene in support of this laim. Al.B. Zamolodhikov has shown that
within the perturbed onformal eld theory framework, the perturbative expansion for
the vauum energy of the sine-Gordon model with a suitable value of the twist parameter
ould be reinterpreted as a perturbative expansion in the RSOS model [20℄, to all orders
in perturbation theory. There is also a quantum group argument for the agreement of the
vauum energies [22℄, whih relies on a formulation of the partition funtion in terms of
the system in innite volume. In addition, using the a
(1)
1 NLIE it is possible to alulate
(a) the exat ultraviolet onformal weights and (b) the energies of the ground state and
exited states in the twisted setors of sine-Gordon model to very high numerial auray.
Comparison of these data to (a) the known CFT data and (b) numerial nite volume
spetra extrated using TCSA, respetively, shows an exellent agreement [21℄.
8
It should be possible to nd a proof using quantum group arguments diretly for the theory
in nite volume, by nding an appropriate projetion from the folded model to the RSOS
spae whih ommutes with the transfer matries, but we are unaware of suh an argument.
The knowledge of this projetion would also be useful beause it ould be used to selet
systematially the RSOS states in the NLIE approah.
We now proeed to give our onventions for the models based on a
(1)
1 and a
(2)
2 and give the
RSOSfolded relations that we shall hek in Setion 4.
3.1 Conventions for a
(1)
1
The a
(1)
1 theory is simply the sine-Gordon model, for whih we take the ation to be
AsG =
∫
d2x
(
1
2
∂νΦ∂
νΦ +
m20
β2
cos βΦ
)
. (3.2)
As is well known, introduing the parameter q = exp(8pii/β2), one an show that the model
is invariant with respet to Uq(a
(1)
1 ). The spetrum onsists of a doublet of solitons and a
olletion of salar partiles (breathers). As desribed by [11℄, the RSOS theoryMp,p′+φ13
is obtained as a restrition at β =
√
8pip/p′, that is at q = exp(piip′/p). Putting together
the results of [17℄ and [10℄, it is straightforward to see that the nite volume spetrum of
this RSOS model is a subset of that of the 2p-folded model.
3.2 Conventions for a
(2)
2
We take the ation of the a
(2)
2 model to be
AZMS =
∫
d2x
[
1
2
∂νΦ∂
νΦ +
m20
γ
(
exp (2i
√
γΦ) + 2 exp (−i√γΦ)
)]
. (3.3)
Introduing the parameter
q = exp
(
ipi2
γ
)
(3.4)
one an show that the model has a symmetry under the ane quantum group Uq(a(2)2 ) and
as a result its S-matrix an be expliitly onstruted [12℄.
The spetrum of the original model onsists of a fundamental soliton transforming as a
triplet under Uq(a
(1)
1 ), having an S-matrix of the form
S000(x, γ)R(x, q) , where x = exp(2piθ/ξ) and ξ =
2pi
3
γ
(2pi−γ)
, (3.5)
where S000 is a salar funtion whih is always a pure phase for real x and γ, and R(x, q) is
the R-matrix of Uq(a
(2)
2 ) in the triplet representation.
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Depending on γ, there may be other partiles in the spetrum. For ξ < pi there are
breathers Bn0 , n = 1, . . . , [pi/ξ] formed as bound states of K0 transforming in the singlet
representation, and for ξ < 2pi/3 there are higher kinks Ki , n = 1, . . . , [2pi/(3ξ)], also
formed as bound states of K0 and transforming in the triplet representation, and their
assoiated breathers Bni .
In addition, it is known that there are values of γ for whih the bootstrap does not lose
on this partile ontent, and for whih there are more partiles in the spetrum. Sine we
are only able to investigate the transfer matries for the kinks Ki and breathers B
n
i , it is
only possible to prove that any partiular model has a omplex spetrum. If we nd that
the spetrum for these partiles is real, that does not imply the reality of the full spetrum
simply beause the Smatrix bootstrap ould still generate Smatries with non-phase
eigenvalues.
The Smatries of the higher kinks have the form
SKm,Kn(θ) = S
0
m,n(x, γ)R( (−1)m+nx , q) (3.6)
where S0mn is a salar fator.
Sine the salar fators S0m,n are phases and there are only two dierent matrix strutures
for the two-partile S-matries SKm,Kn i.e R(x , q) if m+ n is even and R(−x , q) if m+ n
is odd, for the purposes of nding out if the eigenvalues of the transfer matries (dened
in appendix C) it is hene to suient to onsider
• For pi/γ < 1: transfer matries ontaining only K0
• For pi/γ > 1: transfer matries ontaining only K0 and/or K1
3.2.1 RSOS models related to a
(2)
2
The a
(2)
2 model has two inequivalent RSOS restritions [12, 4℄. From the onjetured ground
state NLIE of the a
(2)
2 -related models [3℄ one an determine the minimal value of the folding
number for whih the RSOS ground state is in the spetrum of the folded model. Together
with the results in [12, 4℄, it leads to the following onjetures
1. Mp,p′ + φ12 is a projetion of the p-folded ZMS model at γ = pip/p′.
The RSOS S-matries are given in the appendix A where we have speied all the
formulae inluding the 6j symbols sine the ones we found in the literature all had
typos.
3
As for the unrestrited ase, the matrix part of the S-matries depend only on q so
they depend on p′ only modulo 2p. In fat, we only need study the values 1 ≤ p′ < p
sine the substitution p′ → −p′ hanges the S-matrix elements to their omplex
3
We are grateful to Giuseppe Mussardo (SISSA) for providing us with a orret set of formulae.
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onjugate (if we hoose the square root branhes in the 6j symbols appropriately)
and thus simply omplex onjugates the transfer matries and their eigenvalues too
as well.
(n.b. the models Mp,p′ + φ21 are ontained in this lass through the identiation
Mp,p′ + φ21 ≡Mp′,p + φ12.)
2. Mp,p′ + φ15 is a projetion of the 2p-folded ZMS model at γ = 4pip/p′.
The RSOS restrition leading to the S-matries was performed in [4℄, however, ertain
amplitudes had wrong prefators. The reason was that in the sattering amplitudes
of two (oppositely) harged solitons into two neutral ones there is a Clebsh-Gordan
fator whih was not taken properly into aount and therefore the amplitudes of
[4℄ do not satisfy the Yang-Baxter equation and R-matrix unitarity. The orreted
amplitudes are listed in Appendix B.
These perturbations lead to renormalisable eld theories if the onformal weight of the
perturbing eld is less than or equal to two, whih is equivalent to the ondition pi/γ ≥ 1/2
for both ases, whih is also the ondition for the unrestrited model to be well-dened.
4 Results
The leading approximation (e.g. in the NLIE formalism) to nite size eets in large volume
is given by the Bethe-Yang equations whih are summarised in Appendix C. In partiular
it an be seen that the spetra of the models an only be real if the transfer matrix
eigenvalues (denoted in the Appendix by λ(s) (ϑ|ϑ1, . . . , ϑN )) are all phases for real values
of the partile rapidities ϑi.
We hek for whih values of the oupling the various transfer matries have phase eigen-
values. There are some simpliations we an make.
1. In all our alulation we omit the salar prefators of the S-matries sine these are
irrelevant for determining whether the eigenvalues are pure phases or not. We all the
transfer matries obtained from the S-matries without the salar fator `redued'
transfer matries.
2. The R-matries of all models we onsider have some disrete symmetries (whih we
desribe here for real values of the rapidity).
(a) R(x, q∗) = R(x, q)∗, whih means that we only need to onsider 0 ≤ arg(q) ≤ pi.
(b) R(x,−1/q) = UR(x, q)U−1 where U is a diagonal matrix whose nonzero entries
are ±1.
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The redued transfer matries are still in general very ompliated, even for the original
models, and therefore in our study we diagonalised them numerially for a large set of values
for the rapidities and other parameters. In all our plots we show only the eigenvalues of
the redued transfer matries.
4.1 a
(1)
1 related models
In the ase of a
(1)
1 related models, sine the folded and original models are all unitary, their
nite size spetra are real and therefore all φ13 perturbations have real spetra as well,
regardless of whether they are perturbations of unitary or non-unitary minimal models. In
addition, the NLIE formalism [21℄ yields manifestly real spetra as well.
In other words:
original unitary⇒ folded unitary
{⇒ RSOS real
6⇒ RSOS unitary
One might think that, sine the RSOS spetrum is simply a subset of the spetrum of
the unitary unrestrited model, the RSOS model would simply inherit a positive denite
inner produt and also be unitary. However, the fat that the spetrum of the RSOS and
unrestrited models are dierent, means that the onstraints of analyti S-matrix theory
may enfore dierent inner produts. As an example, onsider the value 8pi/β2 = 2/5. The
partile ontent of the unrestrited model is a soliton doublet s, s¯ and a single breather
B. The RSOS model, on the ontrary, is the Lee-Yang model with a single partile B
(the solitons are removed from the spetrum by the RSOS restrition). There is a rst
order pole in SBB(θ) at θ = 2pii/3 whih must have an explanation in terms of on-shell
diagrams. In the unrestrited sine-Gordon model, it is explained by the famous Coleman-
Thun mehanism [23℄ as the sum of singular ontributions from diagrams with internal
soliton lines. In the RSOS model there are no solitons so this pole must be explained by
a single diagram in whih B ours as a bound state of two B partiles. As we disussed
before, the sign of the residue of this pole fores the inner produt to be indenite.
By numerial diagonalisation of the redued transfer matries we found that the transfer
matrix eigenvalues for the RSOS modelsMp,p′ +φ13 are a subset of those for the 2p-folded
sine-Gordon model with β =
√
8pip′/p. We also observed that the numerially omputed
transfer matrix eigenvalues are all phases, as expeted from the general argument above.
In gure 1, we plot the arguments of the eigenvalues of the redued twopartile transfer
matries of the RSOS models (M7,m + φ13) and the 14folded sine-Gordon model. The
RSOS models are only dened for m integer, i.e. for arg(q)/pi taking values m/7. For
these values the eigenvalues of the transfer matries (shown as blobs) are a subset of the
eigenvalues of the matries of the folded model shown as lines.
The two-partile spae of the 14-folded model has dimension 28, and the spetrum onsists
of 12 eigenvalues eah of multipliity 2 and 4 of multipliity 1. The RSOS model exludes
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Figure 1: Comparison of the eigenvalues of the matrix part of the twopartile transfer matries
for the RSOS model (M7,m + φ13) and the 14folded a(1)1 ATFT The horizontal axis is arg(q)/pi
restrited to the fundamental domain between 0 and 1, and the vertial axis is the argument of
the eigenvalues. The folded models are shown in green/solid lines, and the RSOS models (whih
are only dened for disrete values of q) are shown as blobs. The relative rapidity of the partiles
was hosen θ = 1/9.
the eigenvalues of multipliity 1, 2 of the other eigenvalues, and eah of the remaining 10
eigenvalues appears with multipliity 1 only.
There are RSOS modelsMp,p′ +φ13 for whih the S-matrix is Hermitian analyti (e.g. the
unitary ase p′ = p+ 1 or the series p = 2, see [11℄) whih then implies that the spetrum
is real. Our arguments above, however, extend to all φ13 perturbations.
4.2 a
(2)
2 related models
In this setion, we investigate models related to a
(2)
2 . We start with the 1-folded model
where we orret a mistake in [2℄. We then onsider multi-partile transfer matries and
show the emergene of a pattern whih seems to arry over to the folded ase and it plays
an important role in the RSOS ase as well.
For all three lasses of model, we must onsider separately the ase pi/γ > 1 for whih
there are higher kinks, and pi/γ < 1 for whih there are no higher kinks and onsequently
fewer onstraints on the values of γ allowed by the reality of the spetrum.
We reall that due to the symmetries of the Rmatrix, the spetrum of models with
−pi < arg(q) < 0 is obtained by onjugating the spetrum of the model with 1/q, and so
we an restrit our attention to models with 0 ≤ arg(q) ≤ pi.
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4.2.1 The 1-folded models based on a
(2)
2
We shall onsider rst the two-partile transfer matrix, and then the higher partile number
transfer matries in turn. As we have mentioned, for our investigation of the reality of the
spetrum, we an ignore the salar prefators in the Smatries and need only onsider
the `redued' transfer matries onstruted out of the appropriate Rmatries. The two-
partile `redued transfer matries' are simply the R-matries themselves: if the kinks
being sattered are Km and Kn, then the appropriate Rmatrix is R((−1)m+nx, q).
As alulated in [2℄, the eigenvalues of R(x, q) are three pairs of doubly degenerate eigen-
values,
1 ,
(
1− q2√x
q2 −√x
)
,
(
1 + q2
√
x
q2 +
√
x
)
(4.1)
and three eigenvalues λ satisfying
(x− q4)(x+ q6)λ3 + q6(2 + q2)(λ2 + x2λ)
+ x (q2 − 1)(1− 3q4 + q8)(λ2 + λ)
− q2(1 + 2q2)(x2λ2 + λ) + (1− q4x)(1 + q6x) = 0 .
(4.2)
As stated in [2℄, for x negative, there are obviously eigenvalues whih are not phases,
exept when q4 = 1. However, in [2℄ we stated inorretly that all the eigenvalues were
phases for x non-negative and q a phase, and instead the orret result is that there are
non-phase eigenvalues for 0 < | arg(q)/pi| < 1/4. This is due to branh uts that appear in
the solutions of the ubi equation (4.2) whih we overlooked before.
We were not able to diagonalise any higher partile number transfer matries exatly.
Therefore we resorted to numerial methods for the ases of three, four, ve and six par-
tiles, ombined with matrix perturbation theory in the ase of three and four partiles.
The 1-folded models with pi/γ > 1
If pi/γ > 1 then the model ontains both K0 and K1. Sine the matrix part of SK0,K1 is
R(−x, q), the eigenvalues are just given by (4.1) and (4.2) with x replaed by −x, and from
looking at (4.1) we see that the two-partile transfer matrix has non-phase eigenvalues
unless q4 = 1. This means that, unless q4 = 1, the theory is nonreal. We have not
investigated the ase q4 = 1 any further.
The 1-folded models with pi/γ < 1
If pi/γ < 1 then the only partiles in the spetrum are the fundamental kinks (and the
rst breather for pi/γ > 2/3 ). In partiular, the model ontains no higher kinks, and the
only redued transfer matries to be onsidered are those onstruted out of R(x, q) with
x positive.
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The eigenvalues of the two-partile ase have already been presented, and show that the
theory is nonreal for 0 < |arg(q)/pi| < 1/4 and for 3/4 < |arg(q)/pi| < 1.
Numerial investigation of the three-partile transfer matries show that the theory is
also nonreal if 1/4 < |arg(q)/pi| < 1/3 or 2/3 < |arg(q)/pi| < 3/4. It turns out that
the strongest violation of reality happens for small x and y, and one an expand the
eigenvalues in a perturbation series around x = y = 0. Some are must be taken as
the x = y = 0 transfer matries have a nontrivial Jordan form, so the LidskiiVishik
Lyusternik generalised perturbation theory [24℄ must be used for the expansion. Without
entering into tehnialities we only wish to mention that one obtains exatly the same
pattern as desribed above.
Consideration of the four-partile transfer matrix adds further regions of non-reality, 1/3 <
|arg(q)/pi| < 3/8 and 5/8 < |arg(q)/pi| < 2/3 , and of the ve-partile transfer matrix
additional regions of 3/8 < |arg(q)/pi| < 2/5 and 3/5 < |arg(q)/pi| < 5/8.
Assuming this pattern to ontinue for higher partile number transfer matries, we are led
to the onjeture that the eigenvalues of the n partile transfer matries are always phases
for
1
2
− 1
2n
≤
∣∣∣∣arg(q)pi
∣∣∣∣ ≤ 12 + 12n (4.3)
and at the isolated points ∣∣∣∣arg(q)pi
∣∣∣∣ = 12 ± 12m , 1 ≤ m ≤ n . (4.4)
and for every other value of q there are non-phase eigenvalues for some value of the rapidi-
ties.
This would lead to the result that the spetrum of the 1-folded model is always omplex
exept for the isolated points ∣∣∣∣arg(q)pi
∣∣∣∣ = 12
(
1± 1
n
)
(4.5)
4.2.2 Higher folded models based on a
(2)
2
We investigated the folded transfer matries using numerial diagonalisation and found
that the regions of real and omplex spetrum are idential in every ase to those of the
1-folded models, independent of the folding number.
It is obvious that the regions of omplex spetrum ontain those of the 1-folded model,
sine the spetrum of the folded model ontains that of the 1-folded model, but it appears
that there are no further onstraints arising from the twisted setors.
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4.2.3 RSOS models based on a
(2)
2
The rst observation to make is that sine the spetrum of the RSOS models is a subset
of the spetrum of the appropriate folded model, if the folded model has a real spetrum
then so does the RSOS model.
Next, sine the RSOS spetrum is a subset of the folded spetrum, it is possible that the
RSOS spetrum is real while that of the folded is omplex. This is well known to be the ase
for the perturbations of the unitary minimal models Mp,p±1 + φ12 (note that φ15 is never
a relevant perturbation of a unitary minimal model), and we believe that this property is
shared by many other models.
As evidene for our assertion that the spetra of the RSOS models are subsets of those of
the folded models, in gures 2 and 3 we plot the eigenvalues of the redued two-partile
transfer matries for K0K0 sattering of the 10-folded model and of the assoiated RSOS
models (We performed similar heks for the K0K1 and K0K0K0 transfer matries with
equally onvining results).
These gures also show that for this partiular hoie of rapidity dierene, there are
regions of arg(q)/pi for whih the folded transfer matrix has non-phase eigenvalues whih
are inluded in the regions for whih we believe that the folded transfer matries have
non-phase eigenvalues for some values of rapidity. We also see that some of the RSOS
restritions do manage to omit these non-phase eigenvalues, while others do not. We
report more fully on our ndings in the later setions.
4.2.4 The φ12 perturbations with pi/γ > 1
These theories have at least one higher kink K1 and we nd that the most stringent
restritions already arise from the two-partile transfer matrix involving K0 and K1.
The theories with p′ = ±1 mod p are of the `unitary type': their S-matries (and transfer
matries) are proportional to those of the unitary modelsMp,p+1 + φ12 and Mp,p+1 + φ21,
and sine the sattering itself is manifestly unitary the eigenvalues are all phases. Indeed
these S-matries do satisfy Hermitian analytiity whih together with R-matrix unitarity
implies the S-matrix unitarity equation for the two-partile S-matries.
Our numerial alulations show that the transfer matries of the theories Mp,p′ + φ12
where p′ = (p ± 1)/2 mod p also have phase eigenvalues only, although we do not know
any explanation for this fat yet.
Every other theory has non-phase eigenvalues in the K0K1 transfer matrix; onversely,
the models desribed above still have phase eigenvalues when we onsider the three-partile
transfer matries for all ombinations of K0 and K1.
We have not tested these models beyond the threepartile transfer matrix. In addition, it
is possible that partiles arising through the Smatrix bootstrap will also introdue non-
phase eigenvalues in the transfer matries; sine the bootstrap has not been ompleted for
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Figure 2: Comparison of the eigenvalues of the matrix part of the twopartile transfer matries
for the RSOS model (M10,m + φ12) and the 10folded a(2)2 ATFT The horizontal axis is arg(q)/pi
restrited to the fundamental domain between 0 and 1, and the vertial axis is the argument of
the eigenvalues. The phase eigenvalues of the folded models are shown in green/thin solid lines,
the non-phase eigenvalues in pink/thik solid lines, and the RSOS models (whih are only dened
for disrete values of q and happen in this ase all to be pure phases) are shown as blobs. The
relative rapidity of the partiles was hosen θ = 5.
the majority of these models, we annot say anything more about them.
4.2.5 The φ12 perturbations with 1/2 < pi/γ < 1
These theories are more usually known as the `φ21' perturbations. They have no higher
kinks in their spetra and at most one breather, and the Smatrix bootstrap loses on these
partiles. The only possible violation of reality of the spetrum ould be introdued by the
fundamental kink Smatrix, sine the kink-breather and breather-breather S-matries are
pure phases.
We show a seletion of our results (up to folding number 50 and partile number 5) in
gure 4.
The small (red) points are values whih we nd denitely to be `non-real'. The remaining
large (blak) points are values whih appear to have real spetra up to and inluding
ve-partile states. The solid (red, blue and purple) lines are the rst three pairs of real
series disussed in point 3 below and the dashed (green) lines are models for whih a TBA
equation for the ground state is known (see below).
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Figure 3: Comparison of the eigenvalues of the matrix part of the twopartile transfer matries
for the RSOS model (M5,m+φ15) and the 10folded a(2)2 ATFT. The graph is labelled as for gure
2, exept that there are now also non-phase eigenvalues of the RSOS model whih are shown as
blak blobs. The relative rapidity of the partiles was hosen θ = 5.
We nd a ompliated pattern of results, with inreasingly more models being ruled out
by higher and higher partile number transfer matries. Sine we have only investigated
transfer matries involving at most 5 partiles, our results are somewhat skethy but they
show the following patterns:
1. All theories for whih the folded models have real spetra are obviously real after
RSOS restrition, that is those with |arg(q)/pi| = (1 ± 1/n)/2. For the range of γ
allowed, this gives only the modelsM4m,2m+1+φ12 ≡M2m+1,4m+φ21 and the models
M2m+1,m+1 + φ12 ≡Mm+1,2m+1 + φ21.
2. The perturbations of the unitary minimal models have manifestly unitary Smatries
and real spetra, orresponding to the models Mp+1,p + φ12 ≡Mp,p+1 + φ21.
3. It appears that several other innite series of models may also have real spetra, at
least this appears to be the ase from our numerial tests of the transfer matries
up to 5 partiles. These models form sequenes whih tend to the `real' theories
desribed in 1. above. In fat the rst example of suh a sequene are the unitary
models whih tend towards the value pi/γ = 1, whih is the rst `real' model with
n = 1.
The next examples are the series M4k±1,3k±1 + φ12 tending towards arg(q)/pi = 3/4,
18
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Figure 4: Numerial results for the eigenvalues of the transfer matries of Mrs + φ12. The
heavy (blak) points are models for whih the multi-partile spetrum appears to be real up to 5
partiles, and the light (red) points those whih are non-real, with [pi/γ]=[s/r] plotted vertially
against r=(folding number). See text for further details
M3k±1,2k±1+φ12 tending towards arg(q)/pi = 2/3,M8k±3,5k±2+φ12 tending towards
arg(q)/pi = 5/8, and so on...
These three pairs of series and the unitary models are shown on gure 4 as solid lines.
Some of these models have been onsidered before in various ontexts. The rst of these
theories, M3,5 + φ21, was onsidered by G. Mussardo in [25℄, where he noted that its
spetrum was real despite the fat that the S-matrix was `non-unitary'.
Sine then, (at least) three series of models have been onjetured to have a ground state
desribed by real TBA equations
4
, these being Mm+1,2m+1 + φ21 [26, 27℄, M2m+1,4m + φ21
[28℄, and M2m+1,4m−2 + φ21 [29℄. These are massive ounterparts of the the |I|=1, 2 and
4 massless ows onsidered in [29℄ with pi/γ = 1/2 + |I|/(2r) and shown in gure 4 as
dashed (green) lines. However, as is well known, simply knowing the TBA equations for
the ground state does not determine the exited state spetrum uniquely, (a partiular
example of this eet being the `type II' ambiguity noted in [6℄) and the saling funtion
an desribe the ground state of a genuine unitary model and also a `non-real' non-unitary
model. So, while TBA equations are a useful alternative way to study the spetrum of
a theory, it is not easy to dedue reality properties from the TBA equation for a ground
state.
4
We thank R. Tateo for pointing this out to us.
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4.2.6 The φ15 perturbations with pi/γ > 1
These theories again have at least one higher kink K1 and again we nd that the most
stringent restritions already arise from the two-partile transfer matrix involving K0 and
K1.
Our numerial analysis shows that only two series of models have the possibility to be real.
These are the theories with p′ = 2p± 1 mod 4p for whih the Smatrix is Hermitian ana-
lyti whih guarantees the reality of the spetrum at the level of the Bethe-Yang equations,
and the theories with p′ = ±1 mod 4p for whih the reality of the spetrum is mysterious.
4.2.7 The φ15 perturbations with pi/γ < 1
Again, these theories have no higher kinks in their spetra, and at most one breather, and
the Smatrix bootstrap loses on these partiles. The only possible violation of reality
of the spetrum ould be introdued by the fundamental kink Smatrix, sine the kink-
breather and breather-breather S-matries are pure phases.
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Figure 5: Numerial results for the eigenvalues of the transfer matries of Mrs + φ15. The
heavy (blak) points are models for whih the multi-partile spetrum appears to be real up to 4
partiles, and the light (red) points those whih are non-real, with pi/γ=s/4r plotted vertially
against r=(folding number)/2. See text for further details
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We nd an even more ompliated pattern of results than for the φ12 perturbations, one
again with inreasingly more models being ruled out by higher and higher partile number
transfer matries. In this ase the size of the transfer matries is muh larger, and we have
only investigated transfer matries involving at most 4 partiles. Our results are even more
skethy but they show the following patterns:
1. All theories for whih the folded models have real spetra are still obviously real after
RSOS restrition, that is those with |arg(q)/pi| = (1 ± 1/n)/2. For the range of γ
allowed, this gives only the models Mp,2p+1 + φ15 and M2p+1,4p+4 + φ15.
2. Again, it appears that several other innite series of models may also have real
spetra, at least this appears to be the ase from our numerial tests of the transfer
matries up to 4 partiles. These models form sequenes whih tend to the `real'
theories desribed in 1. above.
The rst example are the theories, Mk,4k−1 + φ15 tending towards arg(q)/pi = 1 and
the series Mk,3k±1 + φ15 tending towards arg(q)/pi = 3/4.
At the next level, we nd that up to four partiles, there are four innite series
tending to arg(q)/pi = 2/3, namely M3k±1,8k±3 + φ15 and M6k±1,16k±2 + φ15. Sine
the existene of this seond series is in some sense a new phenomenon, we heked
that it survives our numerial tests at the ve partile transfer matrix level, but we
have no opinion whether or not it will survive at all higher partile numbers.
Again, three innite series of these models have been onsidered before in various on-
texts [29℄. These series are exatly those whih are related to the innite series of φ21
perturbations by interhanging the two terms in the ZMS potential as desribed in e.g. [6℄:
M2m+1,m+1 + φ12 ↔ M2m+1,4m+4 + φ15 ,
M4m,2m+1 + φ12 ↔ Mm,2m+1 + φ15 , (4.6)
M4m−2,2m+1 + φ12 ↔ M2m−1,4m+2 + φ15 .
These series are shown as dashed (green) lines in gure 5. The nal pair of theories is
partiularly interesting as being an example of a `type II' pair in that these are dierent
theories but share exatly the same ground state saling funtion and have a ommon
sub-setor of multi-partile states with idential nite size energy orretions.
5 Conlusions
We have investigated the nite volume spetra of theories based on a
(1)
1 and a
(2)
2 imaginary
oupled ane Toda eld theories. Our main results an be summarised as follows:
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1. All theories (original, folded, RSOS) based on a
(1)
1 have real spetra. To show this, we
used the fat that the nite volume spetrum of the RSOS theories an be obtained
as suitable projetions of folded theories, whih are in turn manifestly unitary QFTs
related to sine-Gordon theory. We also presented new evidene for this (previously
known) orrespondene between the folded and RSOS models based on the transfer
matrix method.
2. We onjetured that a similar orrespondene exists between folded a
(2)
2 models and
RSOS models based on a
(2)
2 , and supported this by numerial diagonalisation of their
transfer matries.
3. We presented substantial evidene that unrestrited (both the folded and the original)
a
(2)
2 models have omplex nite volume spetra in general, perhaps with the exeption
of a few speial values of the oupling onstant.
4. Similarly, it seems that RSOS theories based on a
(2)
2 have omplex spetra in gen-
eral, with the exeption of some speial sequenes asymptotially approahing the
speial values of the oupling for whih the unrestrited models may have real spe-
trum. These sequenes in partiular inlude the perturbations of the unitary minimal
models, for whih we know that the spetrum is real.
There are quite a few open questions remaining. First of all, the NLIE desription must be
extended to exited states of a
(2)
2 related models; this ould provide us onlusive evidene
on whether or not the spetra of the unrestrited a
(2)
2 theories are real for the speial values
of the oupling onstants for whih the transfer matrix alulations found no violation of
reality. On the other hand, our results that show that the spetrum is omplex in general
must be reprodued by suh an extension of the NLIE.
Seond, the projetion of the folded spetrum to the RSOS spetrum must be expliitly
realized. Together with the extension of the NLIE to exited states, this would open the
way to (a) a systemati desription of the spetra of the RSOS models; (b) determining
whether the sequenes for whih we found no violation of reality with our methods really
have real spetra.
It seems appropriate to mention that another interesting problem is the relation of the a
(2)
2
model and `φ21' perturbations to the orresponding q-state Potts models. See [30℄ for TBA
equations for the ground states of these models and for a disussion of the partile spetra
in the q-state Potts models.
Third, as we mentioned in the text, the full spetrum of a
(2)
2 related theories is not yet
losed in full generality. An example is M3,5 + φ12, for whih the losed spetrum is not
known up to date. One ould attempt to lose the S matrix bootstrap (we know of some
attempts that failed, and we ourselves tried unsuessfully); but equally well, it ould
possibly be found by extending the NLIE to desribe the exited state spetrum of a
(2)
2
related theories.
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Appendix
A Sattering amplitudes for Mp,p′ + Φ1,2
The sattering amplitudes for the fundamental kinks in Mp,p′ + Φ1,2 were written down
by Smirnov in [12℄. Here we briey reall his result and give expliit expressions for the
neessary q-6j symbols as it seems there are none available in the literature that are free
of misprints and errors.
...
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Figure 6: Adjaeny rules for kinks in Φ12 perturbations for jmax ∈ Z
The allowed vauum sequenes {j1, . . . , jn} have the following adjaeny rules:
jk+1 = 1 if jk = 0
jk+1 ∈ {max (0, jk − 1) . . .min (jk + 1, p− 3− jk)} if jk 6= 0 (A.1)
and are of two types: either all jk are integers or all jk ∈ Z+1/2. The maximum value for
jk is jmax = (p − 2)/2. The adjaeny rules for these two sequenes are shown on Figure
6 for the ase when jmax is integer; for the ase jmax ∈ Z + 1/2 two very similar graphs
result. Let us introdue the notation
q = exp
(
ipip′
p
)
, x = exp
(
2piϑ
ξ
)
where ξ =
2
3
pip
2p′ − p , (A.2)
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and the q-numbers
[n] =
qn − q−n
q − q−1 . (A.3)
Then the 2-kink sattering amplitudes take the form
Scdab(ϑ) = Sˆ
cd
ab (x, q) S0(ϑ)
Sˆcdab (x, q) =
(q2 − 1) (q3 + 1)
q
5
2
δbd +
(
1
x
− 1
)
q
3
2
− 1
2
(Cb+Cd−Ca−Cc)
{
1 c d
1 a b
}
q
+
(1− x) q− 32+ 12 (Cb+Cd−Ca−Cc)
{
1 c d
1 a b
}
q
(A.4)
where
S0(ϑ) = ± 1
4i
(
sinh
pi
ξ
(ϑ− pii) sinh pi
ξ
(
ϑ− 2pii
3
))−1
×
exp
(
−2i
∫ ∞
0
sin kϑ sinh pik
3
cosh
(
pi
6
− ξ
2
)
k
k cosh pik
2
sinh ξk
2
dk
)
. (A.5)
Ca = a(a + 1) (A.6)
and the q-6j symbols take the form{
1 a− 2 a− 1
1 a a− 1
}
q
=
{
1 a + 2 a+ 1
1 a a+ 1
}
q
= 1
{
1 a + 1 a + 1
1 a a
}
q
=
{
1 a a
1 a+ 1 a + 1
}
q
=
√
[2a+ 4][2a]
[2a+ 2]{
1 a a+ 1
1 a a+ 1
}
q
=
[2]
[2a+ 1][2a+ 2]{
1 a a− 1
1 a a− 1
}
q
=
[2]
[2a][2a+ 1]{
1 a + 1 a
1 a a + 1
}
q
=
{
1 a a + 1
1 a+ 1 a
}
q
=
√
[2a+ 4][2a]
[2a+ 2]{
1 a a− 1
1 a a + 1
}
q
=
{
1 a a+ 1
1 a a− 1
}
q
=
√
[2a− 1][2a+ 3]
[2a + 1]{
1 a a
1 a a+ 1
}
q
=
{
1 a a + 1
1 a a
}
q
= − [2]
[2a + 2]
√
[2a+ 3]
[2a+ 1]{
1 a a
1 a + 1 a
}
q
=
{
1 a + 1 a
1 a a
}
q
=
[2]
[2a+ 2]
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{
1 a a
1 a a− 1
}
q
=
{
1 a a− 1
1 a a
}
q
=
[2]
[2a]
√
[2a− 1]
[2a+ 1]{
1 a a
1 a− 1 a
}
q
=
{
1 a− 1 a
1 a a
}
q
= − [2]
[2a]{
1 a a
1 a a
}
q
=
[2a− 1][2a+ 3]− 1
[2a][2a+ 2]
(A.7)
We remark that the square roots in (A.7) arry a sign ambiguity whih must be resolved
by an appropriate hoie of the branhes of the square root funtion. One must onsider
the square roots of eah q-numbers separately and x a sign for the expressions
√
[n] , n = 1, 2, . . . (A.8)
and then use the seleted representative onsistently in all formulas. Suh a hoie of
branh is neessary in order for the amplitudes to satisfy the Yang-Baxter equation, R-
matrix unitarity and appropriate rossing relations.
B Sattering amplitudes for Mp,p′ + Φ1,5
In this appendix we present a orreted version of the S-matrix of Φ1,5 perturbations writ-
ten down in the paper [4℄ by one of the authors. The original formulas have misprints
and some of them have the wrong normalisation fators. The orret ones an be obtained
by imposing rossing symmetry and RU on the amplitudes. The hoie of the normalisa-
tion fators amount to dening the salar produt of the multi-kink states orretly (i.e.
satisfying the onstraints imposed by the quantum group symmetry).
In Φ1,5 perturbations, the allowed vauum sequenes are omposed of highest weights of
the group Uq4(sl(2)) where
q = exp
(
ipip′
4p
)
. (B.1)
They are labelled by jk = 0, 1/2, . . . , jmax with jmax = (p−2)/2. The adjaeny rules for a
sequene {j1, . . . , jn} are |jk+1 − jk| = 0 or 1/2 (Figure 7). The zero dierene orresponds
to a neutral kink, while the nonzero to harged ones. Let us introdue the notation
y = exp
(
pi
ξ
ϑ
)
, ξ =
4
3
pip
p′ − 2p ,
[z]4 =
q4z − q−4z
q4 − q−4 . (B.2)
The sattering amplitudes for harged kinks are (with a sign orreted with respet to [4℄)
Scdab =
(
−
(
y2
q
− q
y2
− 1
q
+ q
)
δac
(
[2b+ 1]4[2d+ 1]4
[2a+ 1]4[2c+ 1]4
)1/2
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Figure 7: Adja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y rules for kinks in Φ15 perturbations
+
(
y2
q5
− q
5
y2
− 1
q
+ q
)
δbd
)
S0(ϑ) , (B.3)
where S0(ϑ) is the funtion dened in (A.5). For the sign ambiguities ourring as a result
of square roots of q-numbers see the remark at the end of Appendix A.
The remaining amplitudes inlude neutral kinks. The neutral kink-neutral kink sattering,
neutral kink-harged kink forward sattering and neutral kink-harged kink reetion were
orret in the original paper [4℄ and are the following
Saaaa =
q6y2 + y2q8 − q8 − q4y2 + y2 − q10y2 + y4q2 − y2q2
y2q5
S0(ϑ) ,
Sbaab =
(y2 + q6)(y2 − 1)
y2q3
S0(ϑ) ,
Sbaaa = −
(q4 − 1)(y2 + q6)
yq5
S0(ϑ) . (B.4)
The amplitudes desribing two harged kinks turning into two neutral ones were inorretly
normalised (they inlude a nontrivial Clebsh-Gordan in the unrestrited theory [4℄). The
orret form is
Saaab = i
caa
cba
(q4 − 1)(y2 − 1)
q2y
(B.5)
For the reverse proess the amplitude is
Sabaa = i
cab
caa
(q4 − 1)(y2 − 1)
q2y
(B.6)
where the normalisation fators cab are
cab =
{
α1(−1)2a
√
[2b+1]4
[2a+1]4
a = b± 1
2
α2 a = b
. (B.7)
α1,2 are onstants whih are left free by the onstraints of RU and rossing. The cab appear
in the rossing relations, whih take the form
Scdab(ϑ) =
cad
cbc
Sbcda(ipi − ϑ) . (B.8)
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C Transfer matries and the Bethe-Yang equations
C.1 RSOS transfer matries
When we put the theory on a ylindrial spae-time with spatial volume L, the allowed
sequenes of vaua (see appendies A and B for φ12 and φ15 perturbations, respetively,
and [11℄ for the φ13 ase) are further restrited by the ondition a1 = aN+1, where N
is the number of partiles. We take all partiles to be point-like and ignore all vauum
polarisation ontributions. Let us dene the following (generalised) transfer matrix
T b1b2...bNa1a2...aN (ϑ|ϑ1, ϑ2, . . . , ϑN) =
b1 b2 b1
a1
...
a2 aN a1
bN
ϑ1 ϑ2 ϑN
ϑ
whih translates to
T (ϑ|ϑ1, ϑ2, . . . , ϑN )b1b2...bNa1a2...aN =
N∏
j=1
S
aj+1bj+1
bjaj
(ϑ− ϑj) (C.1)
with the identiation aN+1 ≡ a1 , bN+1 ≡ b1. In the following we shall not always write
down the matrix indies expliitly. From the Yang-Baxter equation, it is straightforward
to prove that these transfer matries form a ommuting family
[T (ϑ|ϑ1, . . . , ϑN) , T (ϑ′|ϑ1, . . . , ϑN)] = 0 (C.2)
We dene the following speialised transfer matries
Tk (ϑ1, ϑ2, . . . , ϑN)
b1b2...bN
a1a2...aN
= T (ϑk|ϑ1, ϑ2, . . . , ϑN)b1b2...bNa1a2...aN
= (−1)δδbk+1ak
∏
j 6=k
S
aj+1bj+1
bjaj
(ϑk − ϑj) (C.3)
Apart from a phase oming from a plane wave fator of rapidity ϑk in the wave funtion,
this gives the monodromy orresponding to taking the kth kink around the spatial irle
multiplied by a fator (−1)δ. The total phase must equal (−1)F depending on the statistis
of the partile k (F = 1 for fermions F = 0 for bosons). Thus we obtain the so-alled
Bethe-Yang equations [18℄:
exp (imkR sinhϑk)Tk (ϑ1, ϑ2, . . . , ϑN)
b1b2...bN
a1a2...aN
Ψa1a2...aN = (−1)F+δΨb1b2...bN (C.4)
where Ψa1a2...aN is the wave funtion amplitude, dened by the deomposition of the state
|Ψ〉 as follows
|Ψ〉 =
∑
a1,...,aN
Ψa1a2...aN |Ka1a2 (ϑ1) . . . KaNa1 (ϑN)〉 . (C.5)
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The energy and the momentum of the state (relative to the vauum) are given by
E =
N∑
k=1
mk coshϑk , P =
N∑
k=1
mk sinhϑk . (C.6)
Due to the ommutation relation (C.2), the equations (C.4) for the vetor Ψ are ompat-
ible and an be redued to salar equations by simultaneously diagonalising the transfer
matries. Let us denote the eigenvalues of T (ϑ|ϑ1, . . . , ϑN) by λ(s) (ϑ|ϑ1, . . . , ϑN ) with the
orresponding eigenvetors ψ(s) (ϑ1, . . . , ϑN) (s is just an index enumerating the eigenval-
ues and the eigenvetors an be hosen independent of ϑ due to the ommutativity (C.2)).
Then the solutions of the Bethe-Yang equations (C.4) are given by
Ψa1a2...aN = ψ(s) (ϑ1, . . . , ϑN )
a1a2...aN
(C.7)
where the rapidities solve the salar Bethe Ansatz equations
exp (imkR sinhϑk) λ
(s) (ϑk|ϑ1, . . . , ϑN) = (−1)F+δ (C.8)
C.2 Folded transfer matries
For folded models the vaua are labelled by an integer a modulo the folding number k.
The allowed sequenes satisfy
ai+1 = ai +Q mod k (C.9)
where Q are the possible topologial harges of the solitons
Q =
{ ±1, sine−Gordon
+1, 0, −1 ZMS (C.10)
In nite volume we require a1 = aN+1 mod k for periodi boundary onditions. Then the
transfer matrix has the same form as in equation (C.1) exept that now the matrix S is
onstruted from the sattering matrix S˜ of the sine-Gordon/ZMS model in the following
way:
Scdab(ϑ) = S˜
Qad,Qdc
Qab,Qbc
(ϑ) (C.11)
where Qab denotes the harge of the soliton onneting the vaua a and b (see Figure 8).
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ab

d
Qdc
QbcQab
Qad
Figure 8: Vauum labels and topologial harges for two-partile S-matries in folded
models
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